Abstract. We prove the A r (Ω)-weighted Hardy-Littlewood inequality, the A r (Ω)-weighted weak reverse Hölder inequality and the A r (Ω)-weighted Caccioppoli-type estimate for A-harmonic tensors all being generalizations of classical results.
Introduction
The purpose of this paper is to develop parametric versions of the A r (Ω)-weighted integral inequalities for A-harmonic tensors. These results are of interest in nonlinear potential theory, degenerate elliptic equations, continuum mechanics, and the L p theory. They can be used to study the integrability of A-harmonic tensors and to estimate the integrals for A-harmonic tensors. A-harmonic tensors are differential forms which satisfy the A-harmonic equation. They are interesting and important extensions of p-harmonic tensors. In the meantime, p-harmonic tensors are extensions of harmonic functions and p-harmonic functions, p > 1. Many interesting results of A-harmonic tensors and their applications in different fields, such as quasiregular mappings and the theory of elasticity, have been found recently (see [1 -4, 8 -12, 14] ).
We always assume that Ω is a connected open subset of R n . We write R = R
1
. Balls are denoted by B, and σB is the ball with the same center as B and with diam(σB) = σdiam(B). We do not distinguish the balls from cubes throughout this paper. The n-dimensional Lebesgue measure of a set E ⊆ R n is denoted by |E|. We call w a weight if w ∈ L 
) is a Banach space with norm
is given by
n).
Many interesting results have been established in the study of the A-harmonic equa- 
) with compact support. 
We define another linear operator
by averaging K y over all points y in Q: See [5, 7] for properties of A r (Ω)-weights. We will need the following generalized Hölder inequality.
We also need the following lemma [5] . Hardy and Littlewood prove the following inequality for conjugate harmonic functions in the unit disk D in [6] :
The above Hardy-Littlewood inequality has been generalized into different versions. In [12] Nolder proves the following version of it. 
As mentioned in Section 1, the A-harmonic equation is not affected by adding a closed form to u and co-closed form to v. Therefore, any type of estimates between u and v must be modulo such forms. Thus, (2.2) is equivalent to
Note that (2.2) can also be written as the symmetric form
Proof of Theorem 2.4. We first show that (2.2) holds for 0 < α < 1. 
Next, we prove that Theorem 2.4 holds if α = 1. By Lemma 2.3 there exist constants β 1 > 1 and C 5 > 0, independent of w, such that
By Theorem B, there is a constant C 6 > 0, independent of u and v, such that for any t > 0 we have
where β = 
, then 
Therefore, (2.2) holds if α = 1. We have completed the proof of Theorem 2.4
We need the following properties of the Whitney covers appearing [12] .
Lemma 2.5. Each Ω has a modified Whitney cover of cubes V = {Q i } such that
for all x ∈ R n and some N > 1, and if Q i ∩ Q j = φ, then there exists a cube R (this cube does not need be a member of 
. Substituting (2.16) into the expression of γ we get 
Remark. By making different choices for α in Theorem 2.6, we shall have different versions of the global Hardy-Littlewood inequality. Considering the length of the paper, we do not list them here.
The A r (Ω)-weighted weak reverse Hölder inequality
In [12] , Nolder obtains the following Caccioppoli-type inequality. The following weak reverse Hölder inequality appears in [12] . Using the same method as those used in Section 2, we prove the following A r (Ω)-weighted weak reverse Hölder inequality with parameter α for A-harmonic tensors.
Assume that 0 < s, t < ∞ and w ∈ A r (Ω) for some r > 1. Then there exists a constant C > 0, independent of u, such that
for all balls B with σB ⊂ Ω and any real number α with 0 < α ≤ 1.
Proof. First, we suppose that 0 < α < 1. Let k = 1) and repeating the same procedure as the case 0 < α < 1, we see that (3.1) is also true for α = 1. This ends the proof of Theorem 3.1
As application of Theorem 3.1, we choose the parameter α = 1 in Theorem 3.1. Then, we have the following version of the reverse Hölder inequality.
for all balls B with σB ⊂ Ω.
Let α = s with 0 < s ≤ 1 in Theorem 3.1. We obtain the following symmetric version.
Let α = 1 t with t ≥ 1 in Theorem 3.1. Then we have the following
Assume that t ≥ 1, 0 < s < ∞ and w ∈ A r (Ω) for some r > 1. Then there exists a constant C > 0, independent of u, such that
We prove the following global result.
for any real number α with 0 < α ≤ 1.
Proof. It is clear that (3.9) is true if s = t. Now we assume that s < t. Using Lemma 2.2 with
which is equivalent to (3.9). The proof of Theorem 3.5 is completed
Remark. Theorem 3.5 can be proved by using Theorem 3.1 directly (see [11: Proof of Theorem 2.3]). Here we have the stronger condition 0 < s ≤ t < ∞. But the result is also stronger: the constant C in Theorem 3.1 now reduces to C = 1. By choosing α to be some special values in (3.9), we have some global results as we did for the local case.
The A r (Ω)-weighted Caccioppoli-type estimate
We prove the following A r (Ω)-weighted Caccioppoli-type estimate with parameter α for A-harmonic tensors. Proof. First, we assume that 0 < α < 1. Choose t = 
